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Abstract 



We extend the interior gradient estimate due to Korevaar-Simon for solutions of 
the mean curvature equation from the case of Euclidean hypersurfaces to the general 
case of Killing graphs. As an application, we prove the existence and uniqueness 
of radial graphs in hyperbolic space with prescribed mean curvature function and 
asymptotic boundary data at infinity. 



1 Introduction 

o , 

Q\ , Gradient estimates are fundamental a priori estimates for elliptic and parabolic equations 

(N 



and play a key role in geometry and PDE. Here we extend the interior gradient estimate 
for solutions of the mean curvature equation due to Korevaar-Simon [8] (see also [9]) 
from the case of Euclidean hypersurfaces to the general case of Killing graphs. This has 
been done as a tool for the result on radial graphs in hyperbolic space discussed below 
and should be useful for other applications. Observe that the Main Theorem in [11] for 
^ \ hypersurfaces in ambient spaces N n+l = M n x t is a special case of our result. See also 

[3] and jl] for other applications of the Korevaar-Simon method. 

Let N n+l denote an (n+ l)-dimensional Riemannian manifold carrying a non-singular 
complete Killing vector field Y whose orthogonal distribution is integrable. Fix a integral 
hypersurface M n of the orthogonal distribution. Observe that M n is a totally geodesic 
submanifold of N n+1 . Let Q C M n be a domain such that the flow lines of the flux 
$:lx M n — > N n+l generated by Y are complete. Notice that 7 = 1/(Y,Y) can be seen 
as a function in Q since K7 = by the Killing equation. Moreover, the solid cylinder 
$(Rx Q) with the induced metric has a warped product Riemannian structure Q x p R 
where p = 1 / y/j. 

Given a function u on fl the associated Killing graph is the hypersurface 

Gr(u) = {&(u(x),x) : x E fi}. 
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It was shown in j2] that Gr(w) has mean curvature H(x) if and only if u G C 2 (Q) satisfies 

Q[u] =div( — ] -^(VM,V y y) =nH (1) 
\ w J w 

where w = \f~f-\- | Vw| 2 and H is computed for the orientation given by the Gauss map 

N=-(iY-V,Vu). (2) 

Here V and div denote the gradient and divergence in M n and V the Riemannian covariant 
derivative in N n+l . 

Given o G Q let r > be such that r < i(o) where i(o) is the injectivity radius of M n 
at o. We denote by B r (o) the geodesic ball contained in Q centered at o and radius r. 

Theorem 1. Letu G C 3 (B r (o)) be a negative solution of the mean curvature equation (fj]j. 
Then, there exists a constant L = L(u(o), r, 7, H) such that |Vw(o)| < L. 

As an application of the above result we prove the existence and uniqueness of a radial 
graph in hyperbolic space H n+1 with prescribed mean curvature and boundary data at 
infinity. For constant mean curvature this was achieved by Bo Guan and Spruck [lj whose 
proof does not work in our case of variable mean curvature. Our solution to the problem 
is obtained as the limit of radial graphs with prescribed mean curvature on a sequence of 
concentric geodesic balls exhausting HP. The existence of these Killing graphs on geodesic 
balls follows from the general result in [2] . 

Let W 1 be a complete totally geodesic hypersurface in H n+1 . A fixed constant speed 
geodesic line i orthogonal to H n at a point o G H n determines uniquely a one-parameter 
family of translation isometries in H n+1 that preserve I and whose Killing field Y extends 
the velocity vector of £. These isometries extend to the ideal boundary at infinity dcoH.^ 1 
of H n+1 as conformal transformations belonging to the conformal structure of d OD M n+1 . 

Denote by \f: 1 x i" -)• EP +1 the flux generated by Y and set 

W = W 1 U d^W 1 . 

Given a function u G C 2 (HI n ) nC°(H[ n ) its radial graph (Killing graph) is the hypersurface 

Gr(u) = {^{u{x),x) : x G H n } 

with asymptotic boundary given by 

dooGr(?i) = G^uj n a 0O IF +1 . 

With some abuse of language, we say that Gr(</>) = x) : x G d^W 1 } is the radial 

graph of the function = mI^h™- 
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Theorem 2. Given H G C a (M n ) with sup e „ \H\ < 1 and G C (9 oo M n ) t/iere ecdste 
a unique function u G C 2,a (EI n ) fl C (H[ n ) such that Gr(u) has mean curvature H and 
dooGr^u) is the radial graph of (p. 

The above result is a natural extension to Killing graphs in the hyperbolic space of 
the asymptotic Dirichlet problem for the mean curvature hypersurface PDE in a complete 
noncompact Riemannian manifold which, in the minimal case, has been studied in [5] , [5] 

and ma. 

2 Proof of Theorem H 

For a system of coordinates x = (x\, . . . , x n ) equation §Q reads as 



a^m-j - R(Vy, Vtt) = nHw where a 13 = a* 3 - (3) 

Here the <t* j 's are the coefficients of the metric in M n and for simplicity we denote 

7 + w 2 
2 , ~fw 2 

We define a nonnegative function rj(x) = g(<p(x)) on B r (o) where 

g(t) = e Clt - 1 
for some constant C\ > and is given by 

Here + means positive part, d(x) is the geodesic distance to o in M n and C = l/2u a 
where uq = —u(o). Then 77 vanishes outside of B r (o). To be more precise, we should 
replace 1 by 1 — e in the definition of <fi so that r) is smooth with compact support and 
later let e tend to zero, but this is omitted for simplicity. 

Let p G B r (o) be an interior point where the function h = rjw has a maximum. In the 
sequel computations are done at this point without further notice. From hi = we have 

r]iW = -rjWi. (4) 

Moreover, the Hessian matrix of h is negative semidefinite. Taking the trace of the product 
of the Hessian matrix of h with the positive definite matrix a i 3 jw yields 

1 • • a ij 

> —a t3 h;j = —( w Vi;j + 2 Vi w j + V w i;j)- 
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We obtain using PJ that 



From (121) we have 



Thus, 



rj 

a J Vi-i H xa 3 (wwi-j — 2wiWj) < 0. 



7i , ^fc;i 7i W fc 

Wi = — H = iV 

In the sequel, we use PJ, © and (J7J) several times without further reference. 
We have, 



= 7^ _ 7^ _ ^ _ Nk 
,J 2w 2w 2 



hi 

— + —u^Uk-i - - N Uk.ij 

+ _ N k N l )u ld u k]i + - V'-V,/,,,,,,, - - iV fc Mfc;u . 

2w w w w 

'Yj. ■ o 7«7 ' 1 

7T 1 H V*H + 7^4 - TT^fWi + Wj-7i) - N u k;ij- 

2w w Aw 6 2w 2 



Thus, 



<i IJ 'i- i: j = 7 r-a ii y i . i j + -a ij a kl ui ;j u k;i + -^a ij yaj + —a ij r]aj - N k a ij u k]ij . 
2w w Aw 6 wrj 



We compute the last term of jSJ). The Ricci identities for the Hessian of u yield 

u k;ij = u i;kj = u i;jk 4" R k ji U l- 

Hence, 



N h a ij u k . ti j = \ h 'a' J a,,, h - -a ij R l kji u k ui = N k (a ij u i;j ). )k - N k a%Ui.j - ^a ij R l kji u' 
It follows that 

A' V' //,.,,, = nN k {wH) k + N k {R(Vy, Vu)) k - ^dhi^ - -a ij R l kH u k Ul . 

w J 

We compute the first three terms of (|9]). For the first term, we have 

w 

{wH) k = —{rjH k - Hrj k ). 



Since 



and 



7 + 



-% - \{lh + 2u l Ul;k) = \ (ih + 

w w w V 



1 



27 



7* 



2 7 /;fc 2 7 



27 



lllk 
7 



we obtain for the second term of (Q that 

'ink 



(R{Vy,Vu)) k = R 
We have, 



7 



-7fc;*)w^+ 7 W 



+ 



^ + *)<V7,V„>. (ID 
w l V27 77/ 



= -« - N i N l ui. k )N i + -(< - WrfuidN* + \i k N l W 

w w w z 

It follows that the third term of ([HD is given by 

N^iut, = 1 « (H* + + f ) 4- -l^JV'A" f ^ + . (12) 

' 7 w V 77 2u>/ V 77 2u?/ u? 2 V 77 2w) 



Replacing UOh, (|TB and UM into © yields 



N k c? j u kii j = n-N k ( V H k - H Vk 



V 



1 

w 
+ R 



wrji 



w 



77 2w, 



2w/\ r] 2wJ 



A2w 

It now follows from (181) that 



T) 2wJ 
a kl + wiVW' 



wN K N l lk;l + -7^ 
7 ^ 



1 



- -a ij R l kji u k u h 



a lJ Wi-j a^uiiWj 

w 



-r^a lj lilj + —a tJ a kl ui-ju k - A H a u 7i?7j + —a 13 ^ 

Aw 3 w W7] 2w 



1 .., 
— ( 

w 



1 1^,0" « 1 - nN k ^-( V H k - H Vk ) + -^ lk N k N l (^- + 



1 

w 2 



1L 

Tj ' 2U7 



w z V27 77/ L\2?/j 77 77 J 
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After multiplying both sides by rj/w and discarding the non- negative terms, we obtain 



— [ a t3 Wi ; j a 13 Wiii\ ) > 



w 



R 



w 

7 a u 



nN k H k 



1 



2w 2 



+ N k N i)Tlll _ N k N l lk;l ) + —a i3 R l kji u k u t 
/ 7 ' / w z 



+ 



nH + — N k lk - -^(V 7 , Vu) )N i + —a ij - Ra ij K- 



w 



It is easy to check that there is a positive constant M = M(7, if) such that 

1 



-•qa 13 {wwi-j — 2wiWj) > —Mr/ — A l r\i 



where —A 1 denotes the coefficient of rji. It follows from (jSJ) and f ll3j) that 

r, '•'//,., - Mr]- A\ < 0. 

On the other hand, 



(13) 



(14) 



and 



Hence, 



Vi = g'(-r \d 2 ) t + Cut) 



Tk-j = 9\~r-\d%, 3 + Cu i;j ) + g'\-r-\d% + C Ul ){-r-\d l ) 3 + C Uj ) 



j 3 {r- 2 {d 2 )i - C^)(r- V)j - Cuj) 



C 2 7 



«i 2 



\Vu\ 2 - ^<Vti, W 2 > + -J\Vd 2 \ 2 - —AVu, Vd 2 ) 2 ) 



> ^f| V tf- J^(V M ,W 2 > 



and 
where 



r- 2 (c/ 2 ) i;j + C7iXiy) = -r^V^d 2 )^ + C{nHw + i?(V7, Vu)) 



a*V)iu = Ad 2 - —(V Vu Vd 2 } Vu). 



It follows from QHJ) that 



2 



CV 2 



(Vu, Vd 2 ) 



1 Ad 2 

(V Vu Vd 2 , V«> - + C{nHw + i2(V7, Vu)) 



ir 2 w 2 



< Mg + A^-r-'id^i + Cu^g'. 



Since 



-A\d% =(nH + ^N k lk - — (V 7 , Vu))N*(d 2 ) t + —a* 3 - Ra 13 7i (d 2 ) 



3 ,, 



w- 



and 

|2 



A'ui = (nHw + -N k lk - \{V~t, Vu)) ^j- + -a ij l3 Ni + R(V-y, V«>, 
V w w 2 / w 2 w 



w / w 

we conclude that 



Vn — 



^(Vn,Vd 2 ))/ + P^-M^<0 



7+|Vw| 2 V CV 2 
where the coefficient 

|V«| 



P = Vl G E 1 - -(Ad 2 - -1(V V «W 2 , Vu)) - c(wN k lk - (V 7 , Vu) 

--Ca^jNi - (Wu; 3 + W iV fc 7fc - (V 7 , V«) W^ 2 )* - ^ f-a« - Wei 2 * 

of g' is bounded above by a positive constant C = C (u(o),r, 7, i?). 
Suppose that 

Vm > — = . 

Cr r 

Then, we have 

, 4| Vrf 2 | 
Vu > 



and 



Cr 2 



Thus, there exists a constant D = D(u(0),r,j) such that 

^ V«| 2 - ^<V«, Vcf >) > „f 71 !" 1 ' > D > 0. 



7+|Vw| 2 V 1 Cr 2N ' ') ~ 2(7+ |Vw| 2 ) 

For instance, setting 7 = inf Br ( D )7 we may take D = 327 /(r 2 7 + 256w 2 (0)). Since 
g(t) = e Clt — 1, we obtain a contradiction taking C\ = C\{u{6), r, 7, H) sufficiently large, 
that is, such that 

Dg"ip) + C g'(p) - Mg{p) > 0. 

Hence, 

16u 



w(jp) <C 2 =ii + 



r 



where 71 = sup Br ( G ) 7. Since h(o) < h(p), we obtain 

rj(o)w(o) < T)(p)w(p). 

Therefore, 

(e Cl/2 - l)w(o) <C 2 e c \ 
This gives the desired estimate and concludes the proof. 

Remark 3. The constant L given by Theorem [1] also depends on the geometry of M n 
along B r (o) including the Ricci curvature. 
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3 Proof of Theorem [2 



The proof of Theorem [2] will be done in two steps. First, we will show the existence 
of a uniform height estimate for the solutions of the Dirichlet problem on a sequence of 
concentric geodesic balls exhausting HP. Then, we prove that a subsequence of these 
solutions converges to a solution of our problem. 

We represent the hyperbolic space HP +1 of constant sectional curvature —1 as the 
warped product manifold 

HP+ 1 = HP x coshp R 

where p is the geodesic distance in HP to the point o G HP determined by the geodesic I. 
In terms of the notation fixed earlier Y = d/ds where s parametrizes the factor BL In ([I]) 
we thus have 

7 = 1/ cosh 2 p. (15) 
Let flk denote the geodesic disc in HP of radius pk centered at o where 

Pk = arctanh(l — 1/k), k — 2,3, ... 

Let F G C 2 > a {U n ) n C°(HP) be such that F\ 9acM u = and set M Q = \F\ . We claim that 
the unique solution u/~ G C 2 (Clk) for any k > 2 obtained in [2] of the auxiliary Dirichlet 
problem 




has a uniform height estimate, that is, independent of k. 

We recall from [2] that the Killing cylinder %k over dflk is the hypersurface in HP +1 
ruled by the flow lines of Y through dflk, i-e., 

U k = {*(s, x) : s G R, x G dn k }. 

The geodesic distance d from dflk measured along normal geodesies pointing towards o is 

d = p k - p. 

The geodesic curvature of the flow lines of Y is given by 

« = (w, v^y^y) = - 7 (y, v Vd Y) = y = twiy P ( 16 ) 

where ' denotes derivative with respect to d and we used ffl5|) . Since the mean curvature 
of the geodesic ball dflk is cothp^,, then the constant mean curvature Hk of 1-ik is 

Hk = —((n — 1) coth p k + tanh p k ) > 1 (17) 
n 
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with respect to the pointing inward orientation. 
Consider on Q k the function 

v k (x) = M + h(d(x)) 

where ft has to be chosen. Then, 

h' , AJ v ( h' 
-.(Ad - k) 



V7 + ft^ v K^ThP 

Since — -^jAd is the mean curvature of the geodesic sphere in HP 1 of radius p = p k — d, 
we have that 

Ad - k = -nH k . (18) 

Thus, 

nl , nh'H k W-Kh') 
Q[v k \ = - + 



We choose 

h(d) = C(arcsin(tanhpfc) — arcsin(tanhp)) 
where C > is a constant to be chosen and arcsin : [—1, 1] — > [— |-, |]. Thus 

h' — C '/ cosh p and h" = C tanh p/ cosh p. 

It follows from ( !T6|) that ft," — «ft' = and using (fT5j) that 

h! _ C 

Therefore, 

C 

Hence, in order to obtain that 

Q[vk] < Q[uk] = nH 

it suffices to choose C such that 

- ° H k > \H\. (19) 
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By assumption H = sup \H\ < 1. Using (|T7|) it follows that (JTHJ) holds if we choose C > 
such that 



and proves the claim. 

It follows from the above height estimate and the gradient estimate in Theorem [1] 
that for given m G N the sequence {uk\n m }k>2m has equibounded C 1 norm in Q m . To 
be able to use Theorem [1] we have to translate the solutions by —M. By elliptic theory 
this sequence has equibounded C 2,a norm in Q m . Then, there is a subsequence {ukj*}j 
of {uk}k>2m converging on fl m in the C 2 norm to a function v m G C 2 (Q m ). Denoting 
Qh[u] = Q[ u ] — nH, we have that Qjj[i> m ] = 0. It follows from PDE regularity (cf. [7]) 
that u m G C 2 ' a (tt m ). 

Consider a subsequence of {v,k™}j which converges in fl m+ i to a function 

u m +i G C 2 ' Q (fi m+ i) satisfying Q^bm+i] = 0. After iterating this process, we obtain a 
subsequence {u k m+i}i of that converges uniformly on compact subsets of EP in the 

C 2 norm to a function u G C 2 (HP) satisfying <5.ff[w] = 0. By simplicity, we also denote 
this subsequence by {uk}k&i- We claim that u extends continuously to d oc M a and that 

We first prove that 9 00 Gr(-u) C Gr(^) by showing that if p G <9ooIHI n+1 \Gr((/>) then 
p £ dooGr(u). Consider p G <9ooIHI n+1 \Gr(0). Since Gr(0) is compact and p £ Gr(0) there 
exists an equidistant hypersurface E of HI n+1 such that dooE separates p from Gr(0), that 
is, p and Gr(^) are in distinct open connected components of <9 00 HI n+1 \<9 00 -E'. Moreover, 
since H Q = sup Hn \H\ < 1, we may assume that E has constant mean curvature H with 
respect to the unit normal vector field pointing to the connected component U of M n+1 \E 
whose asymptotic boundary contains Gr (</>). Set Gk = Gr(itfc). By the convergence of 
Uk\dci k to (ft there is k such that dGk C U and then dGk H -E = for all k > k Q . By the 
tangency principle Gk H -E = 0, i.e., Gk C U for all > fc - It follows that p £ c^Gr^). 

Now consider a sequence G HI™ converging to x G c^lll™. By the compactness 
of H n+1 there is a subsequence ty(u(xk ), Xk ) of x^) converging to z G ]HI n+1 . 

Since Xk diverges and ty(u(xk d ), G Gr(-u) it follows that z G <9ooGr(tt). From what 





u k (x) < v k {x) 



x G fife. 



This implies that the functions have a uniform height estimate since 



v k (x) < M = M o + Cn, 
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we proved above z G Gr(0) and hence z = ty(4>(xo),Xo) for some Xq G dooW 1 . Since u is 
globally bounded, the sequence {u(xk )}j C R is bounded and thus contains a subsequence 
{ui^Xkj^ji converging to some to £ R- Being the extension of ty to to EP +1 continuous, we 
obtain that 

z = lim*(w(x fc . = ^(t ,x) 

and then *(0(x o ), x ) = #(to, x). Since RxdooH™ ->■ <9ooIHI n+1 is injective it follows that 
x = Xq and t — 4>{. x o)- Because the limits are the same for any convergent subsequence 
considered, it follows that u(xk) — >■ 4>{x) as k — > oo, and this proves the claim. 

Finally, uniqueness follows from the maximum principle applied to the difference of 
two solutions, and this concludes the proof of the theorem. 
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